CHARLES PUGH AND MICHAEL sHUB'

Stable ergodicity and partial hyperbolicity

Dedicated 1o the memary of Ricardo Mané.

1. Introduction
By the results of Anosov in 1967 velume preserving wniformly hyperbolic systems
are ergodic and are open, Thus they exhibit robust statistical bebavior. Averages
are the same for ahmost all points, not only for the wystem in question but also for
any snuall perturbation whicl preserves the same volume. If the perturbation only
preserves o close by volume, then the sverages of continvous functions.are still close
Ly, On the other haud, n 1954, Kolmogoroy announced thet there are no ergoclic
Hausitonian systems in & neighborhood of rompletely integrable one. Completely
mtegrable systems have 10 liwvperbolic behavior at all,

In this paper we will review the results of |Grayson. Pugh and Shub, 1994], {
and Shub, 1006}, [Pugls, Slub and Wilkinron, 1996], and [Brezin and Shub, 1
which study the mixed situation i which the system is only partially hyperbolic. 4

Onr themes are:

1} A little hyperbolicity goes a loug way toward guaranteeing ergodic be
2) Stabiy ergodie systenis e considernbly more genera) than oue might
{eared from Rohnogorov's theorem,

3) Sonwe hyperbolicity may e necessary for stable ergodicity.

\We consider €7 diffcotnorphisme [ of elosed manifolds AJ which preserve a axe
smooth volume on M. We say that [ is stably ergodic if there is a neighborhood

of £ i the €2 volume preserving diffcomorphisms of M sucli that every ¢ cl'y
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Each of our main themes 15 developed in a section below. Finally in section 3, we
some generalizations o dissipative systems

», Partial Hyperbolicity and Ergodicity
Tor Main Theorem of this section gives sufficient conditions for a diffeomiorphizm to
e crgodic. We find stably ergodic diffeomorphisms by finding opeu sets of diffeo-
porplisms satisfying these conditions, The theorem may be interpretad to say that
et for systems which are not uniformiy hyperbolic, the kame phenomenon which
aduces chaotic behavior i, some Liyperholicity may also guarutee ergodicity,
\fain Theorem: [Pugh and Shub. 1000) Let f : M — M he partially hyperbolic
20 d_mamicnlly coherent, Suppose that thie stable and unstahle bundles have the
weessibility property and that 1he invariant bundles are sufficiently Holder, Then f
" ngodit‘.
The aceessibility property is a conerp! from control theory whicl we apply to the
arong, unstable and stable foliations of a partislly hyperbolic diffeomorphian. We
g1l woon #xplain these concepts. Partially hyperbolic diffeomorphisms which are
ivasmically coheretit have some wore propertios which we will eventually come to.
All three distributions E*, E* aud E", the strong stable, conter and strong unstable
ah-busdies of the tangent bundie. of €2 diffromorphisme are Holder. That they are
wfficiently Holder is expressed i terns of relationships of the Holder exponents and
atimately in terms of the contaction snd expansion constants of tlye varions natural
ariant bundlesfor the derivative, We Jenve these details to be consulted in [Pugh
and Shub, 1006] and [Pugh. Shub and Wilkinson, 1996]. but uate that foliations
with €7 tangent bundles are sutficiently Hilder. Partinlly hyperholic sysrems aud
he accessibility property were to our knowledge first considered w [Brin and Pesin,
1974].

We say that » ' diffcomorplisw {1 M =M s partially hyperbolie 3ff r21 nd
fhere 18 a cantinous T f-imvariant direct sui decompusition

TM = B +E + E*

where E* and E¥ are non-trivial, some Famler || || on T aud some yepl constants
Benehceclcd<exy such thst

allell < T fdll < el for ¢ € E"—{0])
ellell < T feodll < dijell for v € E'—0)
e|lrlf < (Tl < glirll for v € E* —{0}.

Since Tf : E* — E' may have some contraction and expansion £* nad EY are
strang contracting and strong expanding Tf invariant subbundles, Tangent to E”
and E* are the strong contracting and strong expanding [ invanaut folintions which

we will denote by W and W™,
Given continuous sub-bundles FL.H C TN aud points mg.my € M we say that
ni, is accessible from my iff there 15 3 continuony piecewize C! path o]0, 1| jouning
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g and g e @ is continuons, @(0) = mg. d( 1) = my and there-are a finite fuembes
of reals 0 =ty < ¢ < oo <, =1 such that of{t,.1,4,] is C' emhedding, and i
tangent eitherto For H,i=0.,,, .7 —1. We say the pair F. H has the accessibibty
property iff for any my.m € M m. is aceessible from my.

Only connected mamifolds ean have the accessibility property. We are assuming
throughout that A §s connected.

A partially hyperbolic diffeomorphism 15 said to have the acceanibality propertyiff
E* E" has the accessihility property,

Accessibility 15 an equivalence relation on points in A7, We say that the pair F. )
lias the essential accesmbility property iff the only measurable subsets of A/ saturatsd
hy the equivalence relation have measure 0 or 1.

The partially hyperbolic diffeornorphism fix said to have the rasentinl aceessibility
properiy iff E', EY does. We conld replace accessibility by the more general sxsential
secessibility i the statement of Maiu Theotent . but accessibility is an easier property
tor yorify

Finally we defiue dynanueally coherent. Let f: Al <+ AL be partially liyperhole
with splitting E* 4 E* = E*, Then we say that [ is dynamically coherent iff

1} there is » foliation £ (with €' leaves) tangent to E*,
2) For eny leaf L of £, WY L) and B*(L) are unions of leaves of £.

We call £ the central foliation. The leaves of £ are €' and their tangent hundin
vary eemtinnously, in fnet 1o o Holder fashion. We call them central leaves. they ae
unrmally hyperbolie and henee have stable sud unstable manifolds. A priori Cisure
0 €' foliation. For a €' falintivg uot only has C' leaves and a €V tangent buwdk
but it also hias € foliation charts,

We now give s condition which is-simple to verify for a diffeomorphism 1o ¥
partially hyperbolic and dynoieally colierent.

Theorem 2.5. [P-§| Let f: X[ — M be « O partislly hyperbalic diﬂmmnnv!u:f-
as above. I there is & €' foliation £ tangent to EZ, then f is partially hyperlss?
and dynamically coherent, and so are all sufficiently small €' perturhations of /
3. Genericity of Stable Ergodicity? .
We o not know if Holder smoothness without any further hypothesis is “l"l"""'f
the Main Theorem of the lnst section. For O diffeomorphiems some Holder suued=
ez follows from partial hyperbolicity. Nor do we know if dynamieally calwtent "'
esventind, Partially hyperbolic mmy suffice. Also it isquite likely that the avcessthel!
property 1s generic. So we coujecture ) ‘ ot
Conjecture 1: [Pugh and Shub, 1996] Among the partially hyperbolic
ume preserving diffeomorphisms of A/ the stably ergodic are open sud dense.
In particular, Conjecture 1 would imply that the generic C* volume P“"’F;
perturbation of an ergodic antomorphism of the torus is ergodic (see [G.'ﬂ.‘"“’.' \ -
and Shub, 1994] for some discussion of this), It also would imply that lf-': e
M e a volume preserving C? Ancsov diffeomorphism then the generic s
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'arVing perturbation of A x id s M %N = M x N = stably ergodic for any
«mpoct manifold N. See [Bonatti and Diaz. 1994] for the rather striking topologieal
wansitivity version of this second case of Conjecture 1.

We do know & large class of examples of partially hypetbolic ditfeomorphisms
<hich are stably ergodic. The time one map of the geodesic flow on a-compact surface
of constant niegative curvature i the wost classically studied partinlly hyperbolic
Jifleomorphism and it has the necessibility property. In [Grayson. Pugh aud Shub,
1094] we proved that it is stably ergodic, Awie Wilkinson [Wilkison. 1995 removed
the hypothesia that the negative curvature be constant, In nedimensions we have:
Theorem 3. [Pugh and Shub, 1596} The time one map of the geodesic flow on thie
snit tangent bundle of n compnet n-manifold of conetant curvature &k < 0 is stably
argodic - it is ergodic and so are all €2 small volume preserving perturbations of it,

We have also & class of cxamples which come from the theory of homogeneony
ps of Lie groups. We will assume thit our spaces are of the form G/ B where G
a2 connected Lie group and B is o closed subgroup which. it additins. is admissiblr
o a certain technical sense (see [Brezin and Shub. 1095)) which we will not ke
precise here. If G is nilpotent. solvable or semi-simple or if B 5 discrote then the
admissibility condition ie satistiecl.

For a € G let L, denote left transtation by a i« Lath)=ah for all 1 € G, Then
L, induces a map on G/B which we call L, as well, Given an automorphism A of
Cand a € G we call Lgd : G — G an affine diffeomorphism of G. we also denote
this map by aA. If A(B)= B then we continué to denote the induced map on G/ B
by LA or aA and call it an aifine diffeomorphism of G/B. We will nssume that the
Hasr measure on G induces & finite measure on ¢:/B which is invariant under left
iranslation and that A : G/B — G/D is mensure preserving

Given an affine diffeomorphism ad | ¢ — G, ed induces s automorphism of
the Lie Algebrn g of G by ad(a 1D Ale ) where ¢ is the identity of G In particuiar,
edla)DA(e) is a linear map. Let g° and g* be the genernlized rigeuspares of g
corresponding to the eontracting and expanding eigenvalues of ad(a)DAle). Let
£ g be the Lie subalgebra of g generated by g* and ", Then it is not hard to see
[Pugh and Shub, 1966] that L is an ideal in gwhich is ad(¢)DA(e ) vanant. As an
idea! £ is tangent to the connected normal subgroup which we denote by H and eall
the hyperbolically generated subgroup of G.

Theorem 1: Let G/B be a compact manifald and ad be an affine diffeomsorphism
of G/B. Let r be a positive ren). 1 the eigenvalues of ad(a)DAlr) are sufficiently
bunched near the three numbers 1. r or L and HI = G. then (.4 % stably ergodic
on G/B.

The theorem has examples for seuy-simple groups. We specinlize 1o
Let T be a uniform discrete subgroup of SLin, R).

For A € SL(n,R) let Ly SL(n, R)/T — SL(n, R)/T be given by left transiation
by A,

Theorem 2: [Pugh and Shub. 1986] The tollowing four conditions hre equivalent.

a) A has an eigenvalue with modulus different from 1.

SL(w K.
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b) L is partially hyperbolic and the stable and unstable bundles have (}e
accessibility property.

¢) The Lie Algelra generated by the contracting and expanding subspace of
Ady iz the whole Lie Algebra SL(n. R).

d) Ly in stably ergodic among left translations of SL(n. R)/T.

4. Necessity
We say that ad is is stably ergodic under perturbations by left translations if there
i & neighhorhood U of @ in G such that o' A is ergodic for every o' € 7. We continue
to assume that the pair G.B is admissible.

It i= now easy to state our miain theorem of this section.
Main Theorem: [Brezin and Shub. 1095] If an affine diffeomorphisni is stably
ergodic under perturbations by left translations then HB = G where H is ile
hvperbolically generated subgroup of G

Remark (1). T HB = G then the atfine diffeomorphism is ergodic, this is essentiall
Hop{'s proof of the ergodicity of the geodesic flow. See [Pugh and Shub, 1906 where
generalizations are proven in the C7 category

Remark (2). That HB = G is the samie as the action of H on G/B heing ergodic.
whick iu this setting is thie same as the essential accessibility property of |Pugh and
Shub. 1996]

Remark (7). 1t ix likely that stable crgodicity is actually equivalent to the candite
that B = G. In the next two propositions we state some special cases of the
theorem in which this is actually the case.
Proposition 1 {Brezin and Shub, 1995] Lot G be 4 connected uilpotent Lie gnup
and T & uniform discrete subgroup of G. Then the affine diffeomorphism ud of GT
is stably ergodic among left translntions of G if and only if HT =G.
Propaosition 2 [Brezin and Shub, 1005] Let G he a connected sen-ximple Lie group
and T & lattice in G.

#) If G has nio compact factors, then the atfine diffeomorphism aA of G/T¥# stabiy
ergodic among left translations of G of and only if H = G.

b) If G has eompnct factors then the affine diffeornorphism a4 of G/T stalds
ergodic among left translatious of G if and only if AT =0G.
5. Dissipative Systems
Now we drop the condition that f be measure preserving sud simply Assume that f#
C7 for some fimite t. Form € A7 W*(m)=(p € Mld(f"(m). f"(p)) = Oasn = .
and 1V¥%(m) is defined similarly. We define the partial order >y, by m > i W
and W'*(n) have non-smpty intersaction. Let > denote the total order abtumed 12
transitivizing >; and extending to a total order.

Conjecture 2: For the generic f and all x € M theset of y € A such that # 2?3
is a closed subset of M.

We say 1 is equivalent toyif r 2 yand y 2 x.
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Conjecture 3: Let dimension M > 2 . For the generic finite disuensivnnl sulb-
wanifold 17 contained in Bif £ () and almost every f € 17 the rquivalence classex
of pointz in the chain recurrent set of f ave open in the ehiain recurment xet,

Conjecture 3 would give a uite spretral decomposition for f where each pisce of
the decompesition Las something akin to the accessibility property.
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