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Abstract We study geometric properties of the solution variety for the problem of
approximating solutions of systems of polynomial equations. We prove that given
the two pairs (f;, &), i = 1, 2, there exist a short path joining them such that the
complexity of following the path is bounded by the logarithm of the condition number
of the problems.
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1 Introduction

The goal of this paper is to contribute to the search for approximate zeros of systems
of polynomial equations. The complexity of homotopy (or path following or continu-
ation) methods for solving systems of polynomial equations has been studied at least
since the 1980s (see [7] and references therein, and the series of articles [10-12]).
For a survey of complexity results concerning solutions of polynomials of one vari-
able, see [6]. Homotopy methods themselves have a longer history which we do not
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attempt to survey here. In [13, 14], linear homotopy methods were studied in depth.
The existence of a method that finds approximate zeros of systems in average poly-
nomial time was proved, although the lack of specific initial pairs made this proof
nonconstructive. A uniform algorithm was not proven to exist (see [15]). A great deal
of progress in this direction has recently been made in [2, 4], where the existence of
efficient initial pairs for linear homotopies is proved, as well as a probabilistic method
to generate them. We refer the reader to [3] for a detailed historical description of the
problem and its various solutions.

In [9], a new bound for the complexity of (not necessarily linear) path following
was given in terms of the length of the path in the condition metric, which is defined
below. In this paper, we prove that there exists surprisingly short paths in the solution
variety. Combination of these results suggests the existence of an algorithm that finds
approximate zeros of systems very fast, in time almost linear in the size of the input,
on the average. It suggests that understanding the geometry of the solution variety
in the condition metric, and especially the geodesics may be worth the effort. In
Sect. 2, we throw out an idea for a numerical method that the proof of our main result
suggests.

For a list of positive degrees (d) = (d1, ..., dn) € N, let H(4) be the set of all sys-
tems f = (fi,..., fn) of homogeneous polynomials of respective degrees deg( f;) =
di,1<i<n.So, f:C'"! — C". We denote by D = max{d; : 1 <i <n} the max-
imum of the degrees. We consider H ;) endowed with the Bombieri-Weyl Hermitian
product, and the corresponding norm (denoted || - ||).

The solution variety Vi) € P(Hq)) x P(C™*!) (or simply V when there is no
possible confusion) is defined as the set of pairs (f, ¢), such that f(¢) = 0. Observe
that V() is endowed with a natural metric (and corresponding volume form) inher-
ited from the Bombieri—-Weyl Hermitian product in ;) and the usual Fubini—Study
metric in P(C"*+1). We refer to this volume form in V(4) as the Fubini-Study volume.

Let g € P(H(q4)) be the following system of homogeneous equations (conjectured
in [13] to be an efficient initial pair for homotopy methods):

4 x3 "X =0,
8= :
&> X5 X, =0.

Observe that || g|| = 4/n. Moreover, g has a trivial solution eg = (1,0, ..., 0). In [9],
we have bounded the number k > 0 of steps of projective Newton’s method sufficient

to follow a homotopy I'; = (7, ¢;) in the solution variety V by the length of the path
I} in the condition metric,

Length(13) =/|| (ftv é-t)”Kdt’
where ||(fts {[)”K = Hnorm(flv {l)”(ft’ ;t)"’ and Mnorm is as in [9’ 10]' Namely’

snom (£, ©) = I £ DF 1! Diag(ll¢ 147" d;"?)

. YfePMHw), ¢ ePy(C).

Then k < C; D32 Length(I7}) for some universal constant C; > 0. In this paper, we
find a short path joining any two pairs in V. Namely, we prove the following result.
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Theorem 1 (Main result) For every pair (f, ) € V(g), such that pinorm(f, ) < 00,
there exists a curve I'y C V(g joining (f, ¢) and (g, ep), and such that

Mnorm (f5 &) )

Length(l}) < enD¥? +2/nln
Jn

where ¢ <9 is a universal constant.

Corollary 1 For every two pairs (f,¢),(h,n) € Vi), such that pnom(f,?),
Mnorm (B, n) < 00, there exists a curve Iy C V(g joining (f, ¢) and (h,n), and such
that

bl h7
Length([})§2CnD3/2+2\/};ln<Mnorm(f &) Mnorm ( n))

n

Corollary 2 A sufficient number of projective Newton steps to follow some path in V
starting at (g, ep) to find an approximate zero associated to a solution ¢ of a given
system f € P(Hy) is

32 32 Mnorm (f é“)))
C\D (nD +4/nln (7\/5 ,

where Cy is a universal constant.

The real case (i.e., the study of real solutions to real systems of equations) can
be analyzed with similar techniques. In this case, the subset of V(4) where pnorm is
finite (denoted W) or W later in this manuscript) may have one or two connected
components, depending on n and (d). Then in each of these connected components
Corollaries 1 and 2 hold, with the orthogonal group replacing the unitary group. This
observation was also pointed out to us by [5].

The Riemannian metric || - ||x defines a metric dy on W =V — {(f,¢) |
Unorm (f> &) = oo} by di(x, y) = infLength(y) over piecewise differentiable paths
y in W joining x to y.

Corollary 3 Let N be the dimension of H ). The probability (for the Fubini—Study
volume defined above) that a pair (f, ¢) € V belongs to a ball for the condition metric
dy. of radius 9nD3/% + J/n@4+1InN +In F%) centered at (g, ey) is at least

1—e.

So on the average in V, a sufficient number of projective Newton steps to follow some
path in W starting at (g, eq) to find an approximate zero associated to (f,¢) € V is
less than or equal to T(n, D, N) where t(n, D, N) = CmD3 InN.

This last corollary suggests that the average number of steps to solve polynomial
systems of equations might be O(nD3In N). The reader may compare this to the
result in [13] which suggests that this number might be O(n N3 In D), or to the result
in [2, 4] where an upper bound to the average number of steps of O(n° N2D%) is
proved.
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The theorem and corollaries above are a consequence of the two following techni-
cal propositions, which will be proved in Sect. 4.

Proposition 1 Let (f,¢) € V(gy be such that pnorm(f, §) < 00, and let U € Uy, 1 be
a unitary matrix such that Uey = ¢. Then there exists a unitary matrix R € U, 11,
such that Rey = eq, and a curve Iy C V(g joining (f,¢) and (g o R o U*,¢) and
such that

Length(I7) <2+/n <1 +1n M) _

Jn

Proposition 2 Let U be a unitary matrix, and { = U*eq. Then there exists a curve
I'; € Vg joining (g, ep) and (g o U, ¢), and such that

Length(I7) < 27nD3/?.
Moreover, we can write I'y = (g o U;, U/ ey) for a path of unitary matrices U; € Up41.
Assuming Propositions 1 and 2, we can prove the main results of this paper.
1.1 Proof of the Main Results

We start with Theorem 1. We denote by I} the curve that exists from Proposition 1,
such that

Iy =(f¢), Il=(goRoU*0),

Length(]"tl) <2Jn (1 +1In Mnorm?(nf,g)) ,
where R, U € U, 4 are unitary matrices, and Ueg = {. Now from Proposition 2, we
can join (go RoU*, ) and (g, ep) with a curve I’t2 of length bounded by 2nnD3/2,
Theorem 1 follows. Corollary 1 is clear from Theorem 1.
Corollary 2 is immediate from Theorem 1 and the main theorem of [9]. Finally,
we prove Corollary 3. From Theorem 1, we know that

Prob s r)ev [dist, ((f, £), (¢, €0)) = R]
R —9nD3/?
= PrOb(f,g)EV |:H/n0rm(f, )= «/ECXP <T>:| s
for any R > 0. From Theorem B of [11], this is at most
25N

(exp(—R_zgfl/gs/z ) )2 '

The corollary follows taking

1
R=9nD3/2+ﬁ<4+1nN+1n—>.
£
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2 Suggested Numerical Methods

The proof of the main theorem in this paper suggests the following numerical proce-
dure:

(1) INPUT: A polynomial system f € Hg).
(2) Let g’ = g be the initial system defined in the Introduction, and let z = e¢g. While
z is not an approximate zero of f do:

e For some small 1 > 0 (r ~ 1/(nD3/?) might work), let h = (1 — 1)g’ + tf
be this polynomial system. Let z = Nj,(z), where Nj, is projective Newton’s
operator (cf. [8]).

e Choose a unitary matrix R € Uy, such that || Rz — ep]| is small. Define g’ =
goR.

(3) OUTPUT: An approximate zero z € P, (C) of f.

There are several ways that the matrix R inside the loop might be chosen. We may
choose it at random, or as the result of some Gram—Schmidt procedure. Another
suggested way is R = ( (1) S)V*, where U (0 D)V* is a singular value decomposition

of the matrix Diag(di_l/zDh(z)).

3 Bundles, Projections

In this section, we prove some technical statements that will be useful for the proof
of Propositions 1 and 2. We also include other results that are not necessary for the
main results of this paper, but may help to understand the geometry and condition
metric in the complex variety V. We consider the following subset of V:

W =Wu) ={(f.¢) € V:Df() is surjective}.
As in [9], we denote by V the affine counterpart of V. Namely,
V={(f.0) € (Hay\0)) xC"*': f(&) =0}.

As usual, 7 € [0, 1] is a parameter, and given a C ! function A : [0,1] — M into a
manifold M, we may write h; instead. We also write hy = Dh(t)(1).

We define the “linear” subbundle L4y C V as the set of pairs of the form (f, ) €
V, such that f = (fi,..., fu) and

di—1
i) = (“’“) Liz,

5

where L = (L1, ..., L,): C"*! — C" is a surjective linear map, such that L¢ = 0.
We denote by L) S P(H ) x S¥*+! the corresponding concept when the solu-
tions are in the sphere Sz'i+1. Finally, the corresponding affine concept will be de-
noted by L. Namely, L) is the set of pairs of the form (f,¢) € V such that
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f=UA,..., fn) and

<z,¢>)d'"1
()= Liz,
fi@) <||;||2 ¢

where L = (L1, ..., L,) : C"t! — C” is a surjective linear map such that L = 0.
For fixed ¢, we consider the set

={f €P(Hw): (f,0) € L}

We also consider the projection L Wy — Lwy, (f,¢) = (h,¢) where h €
P(H(q)) is the system defined as

(z, )\
h(z) = D1ag<”§“2> Df(¢)z,

which can be checked to be well defined. The following property holds for every
representative f of a system in P(H4)) (see [10]):

f=heoh', whereh h'eHayy, h' L L.
In particular, we conclude that || f|| > ||/||. Moreover, the following also holds:

Df (&) = Dh(Z).

‘We conclude that

£l
norm /' norm (71,
Pnorm (5 §) = e (h, %),

where f and h are seen as elements in P(Hy)).
We also consider the mappings

@ £~(1) - E(d)
(L.5) = (f,0),
where f € E; is defined as

412

f(z) =Diag(d;,"*(z. )% '1) Lz,

and
¢=(p_1: [:(d) — /3(1)
(f;6) = (L, 0),

where L : C"*1 — C" is the linear map defined as follows,
Lz= Dlag( 1/2) Df(¢)z.
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Whenever we have a pair (X, Y), we will denote
m(X,Y) =X, m(X,Y)=Y.
Observe that the following equalities hold for every (f, ¢) € ﬁ(d), (L,¢) e ﬁ(l):

Mnorm (5 §) = Mnorm(qs(f’ é—))a Mnorm (L, §) = Mnorm((p(Ls ;))

We will use the following inequality, which holds for every pair of homogeneous
polynomials f, g of degrees dr, d, (cf. [1])

Ifell <IfIgl- (3.1

The following will also be useful. Let f be a homogeneous polynomial of degree d,
f defined by

f@ =857
where ¢ € C"*!. Then the following holds:

£ =1l (3.2)

We will make use of the higher derivative estimate obtained in [10]: For a homoge-
neous polynomial f of degree d, and for k > 0,

|D* feywr, . wo | <d@d—=1) -+ (@ =k+ DL Jwill-- well, (3.3)

for every x, w; € C"*1
For any integer k > 1 we denote by [I; the identity square matrix of size k.

Lemmal Letk > 1 and U € Uy be a unitary matrix. Then there exists a smooth path
Uy CTUE, 0<t <1, suchthat Uy= I, Uy = U and

Length(Uy) < nVk,
where the length is measured for the Frobenius norm.
Proof As U is unitary, it is normal, and hence we can write

U=VDV*,

where V is unitary and D is a diagonal matrix containing the eigenvalues of U (this
is the well-known Schur decomposition of a normal matrix). Hence, we can write
D = Diag(e“", ..., e*") for some real numbers —7 <a; <7.Now let A = VD'V*
be this skew-symmetric matrix where

D' =Diag(aii, ..., aii).
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We define the path U; = exp(tA). Note that Uy = I and U; = exp(VD'V*) =
Vexp(D)V*=VDV*=U. Moreover,

1 1 1
Length(U) = [ 10:lrd= [ hatear= [ 1D Irar =101
0 0 0
Finally, observe that
ID'% =a? +---+a <’k U
The following lemma is not necessary for the main results of this paper.

Lemma 2 Let f = (f1,..., fu) € Hw) and A be a square matrix of size n + 1. Let
f'=(f].-... f) € H) be defined as

£ (X)=Df(X)(AX), VX eC!
Namely, fori =1, ...,n, we have

af; af;
/i (X)-- /i
X0 X,

flX) = ( (X)) AX.

Then
£ <3 2Dl fFIIANF.

Proof Let f; = Z|a|=di aéX“ be the dense encoding of f;. Then

n
Fx)=>"hj,
k=0

where

W00 = D xax = [ 3 aralxg o xp x| (axor.

dXk a0 k "
lot|=d;
From inequality (3.1),
| 172
: di —1 o
hl < 2 1 1 A
H k” - Z ak(ao...ak—l...an) ‘aa’ Al

let|=d; ,a;>1

1/2

d; - il2
Y dey || 1AKN < DILF I All,
ag...0p

lee|=d;,a;>1

where ||Ax|| is the norm of the k-th row of A. We conclude that

n n 12
LA < DILAIY Al <nDI f] (Z ||Ak||2) =nD| fIlIAlF.

k=0 k=0
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and the lemma follows. U

Lemma 3 Let f be a homogeneous polynomial of degree d, and A be a square
matrix of size n + 1. Then

If o Al < IFIIAN,
where f o A € H) is the homogeneous polynomial defined by (f o A)(z) = f(Az).

Proof First, assume that A = Diag(og > - -- > 0,,) is a diagonal matrix, with nonneg-
ative entries. Let f =}, ,_, aoX*. Then

foAX)= )" ayoy 0" X",
|o|=d

and we conclude that
d\ ! ) d\ !
2 2 2 2d 2 2d 2
IfoAl?="Y" (a> jag P00 < 0! ) <a> lao > = 1A N £ 1,
la|=d |a|=d

and the lemma follows in this case. Now for the general case, let A=UDV™* be a
singular value decomposition of A. Then

If o Al=1foUDV*|=[foUD|<|foUlIDI*=IfIIAl
as wanted. O
Lemma 4 Let v/, : V— Ha) and U : V — C"*! be two mappings, such that
(1L O (L) eV, V(L) eV.
Consider the mapping v =1 x Y2 : V —> V. ¥ (£,£) = (h1(£. 0. Y2 (£, ). As-

sume that \ is differentiable, and that the associated mapping W : V —> V is well
defined in some open set containing (f,¢) € V. Then

2 _IDVL DI 1DV 01
IO 2] S (21 ST

where some representatives f, ¢ of norm equal to 1 have been chosen.

[ Dy (f. 0

Proof Let f,h and ¢, n be chosen representatives of norm equal to 1, I//}( £, 0=
(ah, Bn), where

B =V 0.

Note that the derivative of
T fJ‘ = P(Ha))
[ f+7
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is an isometry at 0. The same holds for the (similarly defined) mappings 7, : h* —
P(H@y), 7 : ¢+ —> P(C"*1) and 7)) : n —> P(C"*'). Hence,

DY (f, O = | DW£e)(0,0)

)

where lﬂf,; = (mp X 77,7)_1 oY o (my x mg) is this mapping between affine spaces.
Now, we define the mappings

e fte f+ 0 Aottt o+t

fe f+f { > 41,
Ony s (M \ht) x (C"T1\pt) — ht x nt
712 In]|?
(w %) "~ <<u,h>”_h’ <x,n>"_">'

The derivatives of 77y and 77, at 0 are again isometries. Moreover, we can easily check
that

| DO (ah, B) (. ) |* < w + w
o B
Finally, observe that
1/_/f,; =00 Vo (T X 7).
We conclude that

I

| DV 160.0(f. O = [ DOy, ) (DY (£, 0)(F. 6)
_ DO O 1092 O DI

012 132 ’
and thus,
. 2 _ Dy (£ O | IDYa(f O
||D1//f’;(0,0)|| = 1 2 + 2 2 :
o B
The lemma follows. O

Lemma 5 Let (-, -), be any dot product in R+ and let Sk (r) € R¥*! be the radius
r sphere for that dot product. Let a, b € Si (r) be any two points, a # —b. Let x; be
the curve
A—=ta+tb
r
(1 —t)a + bl

X = gSi(r).
Then forany 0 <t <1,

|1 =) + bl ll% |, <2r?.
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Proof Observe that x; = @1 o ©,(t), where

@ :[0,1] — R O : R — sk,
t = (I1—1ta+tb, X r”i—”,
Hence,
Il < [ DO1(O20)], | DO, = | PO1(O2(1)) ], lla — bl
Now,

r < (v, x)s )
DO(x)(v) = v — x ).
llx 1«

[lx 12

(U,X},k
llx112

Now, observe that x 1is the projection of v onto Span(x), and we conclude that

|peiw)]

r
LS.
llx ]l

so the lemma follows. O

Lemma 6 The norm of the derivative of nr , satisfies the following inequality:

|Drey (1.0 = V3D

where (h,§) =mz, (f.0).

Proof Let f and ¢ be chosen representatives, || f| = ||| = 1. We denote by
Ly W(d) — ﬁ(d) c W(d) the affine version of the mapping 7., , and (h,¢) =
frg(d) (f, &), sothat ||h]| < | f]l = 1. Then we are under the assumptions of Lemma 4.
Moreover, for f € f+ and ¢ € ¢+, we have:

Dip, (f.O(f. ) =(h.0),
where i = (hy, ..., hy) is defined by h; = p; + qi, pi L gi, and
pi(2) = (di — D{z, ) (2, L) DFi(D) (),
qi(2) = (2. )1 (D® f;(0)(¢. 2) + D fi(0)(2)).

We conclude that ||4;]|% = Il pilIZ + llgill>. We estimate each of these two norms sep-
arately. From (3.2) and (3.1), we conclude:

Ipill < (di — DI DS | < (D = DICI| D ()]
Inequality (3.3) yields
Ipill < DD — DI AN
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On the other hand, again (3.2) and (3.1) imply
lgill < [ PP £, O | + | Dfi©)]-
Inequality (3.3) yields
lgill < D(D = DIF NI+ DIl fill-
‘We conclude that
. 2
1A1? =" 1A l1> <3D*(D = D17 + 2D fI? <3D*(D — D*|[(f. D).
i=1
Hence, from Lemma 4,

3D*(D —1)? 3D*
- - <

2
”D?‘L’[;(d)(f,{)” = ||h||2 + —W’

We have chosen a representative such that || f|| = 1. Now, observe that if we multiply
f by & € C* then & is multiplied by the same quantity. The lemma follows. (]

Proposition 3 The following inequalities hold.
|De(L, )] < D2, (3.4)

IDo(f, 0| < v2D¥>. (3.5)
Proof First we prove inequality (3.4). Observe that
Dy(L,§)(L.{) = (8.0),

where ¢ = (81, ..., gu) satisfies g; = pi +qi, & L mi1(¢(L, ¢)) and
pi(2) =d(d; — 1)(z, 0)% (2, E) Liz,

gi) =d*(z,0)% " Liz.

L

Moreover, observe that p; L g;. Indeed, by unitary invariance it suffices to prove this
in the case that { = e¢g. Now in this case,

pi@ =dd; — D2 R ) qi@) = d T R G ),

for some polynomials k;, ;. We conclude that p; and ¢; have no monomials in com-
mon, and hence they are orthogonal.
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From (3.1) and (3.2),
I pill < DY*(D = DICIIL: |, lgill < DY2|L;|.

We conclude that

n

1217 ="Y _"(Ilpi 1> + llgi1*) < DD — DX IFILIF + DILIG-

i=1

Hence,

-2
| Do(L, o) (L, &) = ” 2] + 112

m(p(L, o)

gl .5 (D=D2IZIPILI% + L)%
=== +[ZI°<D -
ILII% ILII%

(M0 o\ i i
< ||L”,ZF+||§|| =D’[(L.D",

+1IE1?

and (3.4) follows. 5 . -
Finally, we prove (3.5). Observe that for (f, ) € L) and (f, &) € T(r,¢) L), We
have that

Do (f.0)(f.0) = (L. ) € Ty(r.eHLoy).
where L = (Ll, e, Ln) is the linear map defined as

—1/2

Liy=d; *(DP )&, 2) + D fi(0)(2).
‘We conclude that
. 2 . .
IL:)? < E(HD%@)(:)UZ + DA
Inequality (3.3) yields
ILiI? <2D(D — D2 HIPIEN* + 2D £ 1%
Thus,
ILI1% <2D(D — D2 FIPIE1* + 2D £11°.
We conclude that
IL]I?
1@ (f O
_ 2D = D2IfIPIE* + 2DI 1P
N | Diag(d; "> Df ()%

|Do(f. 0)(F, O = + 121

+ 1112
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On the other hand, observe that if f € EN(d), the following equality holds:

I/ = | Diag(d; " *)Df )| -

‘We conclude that

;112
|Do(f.0)(f. )7 < 2D ::?::2 + (@D~ D2+ 1))
f2
<2p’ (::% + ||¢||2> =20%|(f. &),
and inequality (3.5) follows. (|

Corollary 4 Let I'; be a curve in LN(]), t €0, 1]. Then
Length(¢(I7)) < D*? Length(I}).
Now, let I'; be a curve in E(d), t €[0, 1]. Then
Length(¢(I7)) < v2D*? Length(I7;).
Finally, let T'; be a curve in W), t € [0, 1]. Then
Length(rz,, (I7)) < v/3D? Length(I}).

Proof For the first inequality, denote f; = w1 (¢(L;, &)). Then
1 . .
Length(p(I})) = /0 tnorm Ui €0 (7, )]

1
sﬁumﬂuxwamuow@zwm

From Proposition 3, this is less than or equal to

1
f tnorm (L, &) D2 (L, §)| dr = D3/ Length(I7),
0

as wanted.
For the second inequality, let L, = 1 (¢ (f;, ¢)), and observe that

1 ..
Length(‘ﬁ(n)) = /0 Mnorm(Ll’ §t) “ (L’ f) ” dr

1
SﬁumﬂﬁmWMMOMinw
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From Proposition 3, this is less than or equal to

1
/ tnorm (fi, V2DV (f, ©)] dt = V2D Length(I7).
0

The third inequality is proved in the very same way, using Lemma 6 instead of Propo-
sition 3. U

4 Proof of Propositions 1 and 2
4.1 Proof of Proposition 1

First, assume that ¢ = eg.
We choose a representative of f, such that || f|| = \/n. As f(eg) =0, the matrix

Diag(di_l/z)Df(eo) may be written as

Diag(d; '/*)Df (e0) = (0 UDV*),
where U, V €U, are unitary matrices, and D = Diag(o1 > --- > 0, > 0) is a diago-
nal matrix with real positive entries. Moreover, as norm (f> £) > +/n always,

\/ﬁfﬂnorm(fv 0= 17 = @7
0, 0,

n n

and we conclude that g, < 1. We denote

1 0
R= (0 U\_/*) € Unt1.
Observe that
Diag(d; /*)D(g o R)(eo) = (0 UV*).
We define the curve

(1-t)f+tgoR
IA=0)f +tgoRI’

I = (fi,e0) = («/Z €0> S m(H@y) x {eo}

where S ﬁ(H(d)) is the radius /n sphere in the space H4). Then we define I7 as the
projection of I/ on P(Hgy) x {eo}.
From Lemma 5, we know that

(=0 f +1g0R[Ifill < 2n.
Moreover, the following equality also holds,

N
A=) f+1goR]|

Diag(d; '/*) D, (eo) = (0T (1 =)D +11,)V*).
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Hence, the following equality holds,

_Id=nf+rgo Rl

pnomm (frve0) = L £l (Diag(d; ) Dficeo) 14) ™| = === =

‘We conclude that

Length(I7/) _/1 I £l
Length(l}) < 7\/2 = ) Mnorm (f7, €0) \/ﬁ
1 : 1
Zf A =0)f+tgoRI|IfI dtf/ 2/n dr
0 (1 =1, +1)/n o I—=t)o,+1t

dr

1

In L
— 2 52¢a1—mmgzz¢ﬁ(r+mﬁﬁﬂiﬁﬂﬁ).
1—oy, Jn

For the general case, consider the pair (f o U, U*{ = eg) € V(4). Then there exists a
unitary matrix R € U, and a path I'/ C V(4 such that

Iy=(foU,ep), I'i =(goR, ep),

’ Mnorm (f o U, ep) Hnorm (f5 &)

We just consider the path I'; = (f;, ¢), where
fi=floU"
4.2 Proof of Proposition 2

First, assume that (d) = (1). Then g = (0 I,,). Let U; be a curve in U, such that
Uop =1, and Uy = U. Then we consider the curve

I =(goU;, Uep) C L.

The following holds.

lig o Utll%

Igo Ul | 1ive2a
g o vy T IUreol

1
Length(13) = / Mnorm(g o U, Ut*eo)\/
0

1
5J%/HMW&=J%M%MM)
0

From Lemma 1, we can choose U; such that Length(U;) < w+/n + 1. Finally, this
curve in L1y can be projected into L1y, and the proposition follows in the case that

(d) = (1). Now for the general case, let ¢ (g, e0) = ((0 I,), e9) € ﬁ(l) and (L', ¢) =
¢p(golU,0) € EA(]). Observe that L' = (0 1,,)U. Hence, there exists a curve I} C ﬁ(])
joining ¢ (g, eg) and ¢ (g o U, ¢), and such that

Length(1}) <2mn.
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Now from Corollary 4, the curve ¢(I37) € E(d), joining (g, eg) and (g o U, ¢p), has
length bounded by 2771nD3/2, and so has its projection into Lay.
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