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Abstract We introduce a new complexity measure of a path of (problems, solutions)
pairs in terms of the length of the path in the condition metric which we define in the
article. The measure gives an upper bound for the number of Newton steps sufficient
to approximate the path discretely starting from one end and thus produce an approx-
imate zero for the endpoint. This motivates the study of short paths or geodesics in
the condition metric.
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1 Introduction

In a series of papers we have studied the complexity of solving systems of homoge-
neous polynomial equations by applying Newton’s method to a homotopy of (system,
solution) pairs [7—11]. The latest word in this direction is [1, 2]. A key ingredient is
an estimate of the number of Newton steps by the maximum condition number along
the path multiplied by the length of the path of solutions. The main result of this paper
is to show that the maximum condition number times the length may be replaced by
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the integral of the condition number times the length of the tangent vector to the path,
Theorem 3. The result suggests using the condition number to define a Riemannian
metric on the solution variety and to study the geodesics of this metric. Finding a
geodesic is in itself not easy. So we do not immediately obtain a practical algorithm.
Rather the study may help to understand in some systematic fashion the geometry
of homotopy algorithms, especially those that attempt to avoid ill-conditioned prob-
lems. We note that recentering algorithms in linear programming theory may be seen
as adaptively avoiding ill-conditioning. Nesterov and Todd [6] compare the central
path of linear programming theory to geodesics in an appropriate metric. In [3] we
begin studying distances in the condition metric.

2 Definitions and Theorems

We begin by recalling the context. For every positive integer [ € N, let H; C

C[Xo, ..., X,] be the vector space of all homogeneous polynomials of degree /.
For (d) := (di,...,dy) € N", let H(g) := []/_; Hg, be the set of all systems f :=
(f1, ..., fa) of homogeneous polynomials of respective degrees deg(f;) =d;, 1 <

i<n.So f: Crtl — C". We denote by D :=max{d; : | <i < n} the maximum of
the degrees.

The solution variety VC Hay x (C"H1\ {0}) is the set of points {( f, x)| f (x) = 0}.
Since the equations are homogeneous, for all A1, A € C\ {0}, A1 f(A2x) =0 if and
only if f(x) =0. So V defines a variety V C P(H)) x P(C"*1y where P(H@))
and P(C"*!) are the projective spaces corresponding to H(a) and C"*! respectively.
V and V are smooth. We speak interchangeably of a path (f7, ¢;) in V and its pro-
jection (f;, &) in V. Most quantities we define are defined on V but are constant on
equivalence classes so are defined on V.

For (g,x) € P(H)) x P(C™*1) let

l p—
nom (8, %) = gl Dg I A (47 1147 .

where || g|| is the unitarily invariant norm defined by the unitarily invariant Hermitian
structure on H4) considered in [7] and sometimes called the Bombieri—Weyl or Kost-
lan Hermitian structure, ||x|| is the standard norm in C"*!, N, is the Hermitian com-
plement of x, and A(q;) fora; € C,i =1...n is the n x n diagonal matrix with ith
diagonal entry a;. If Dg(x) |;,Xl does not exist we take fnorm = O0. Mnorm, also called
Mproj in some of our papers, is a normalized version of the condition number which
we usually denote by 1. We have also used various notions of distance in projective
space. In this paper we use only the Riemannian distance inherited from the Her-
mitian structure on the vector space, i.e. the angle. We denote this distance by d(., .).
The space and Hermitian structure we are considering will be clear from the context.
In previous papers we have paid careful attention to the constants. In this paper we
are more cavalier. We begin with an analysis of how the normalized condition number
varies.

Proposition 1 Given € > 0 there is a constant C > 0 such that if

g €P(H)) and ¢,nePC"h
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with

d@.m < B3 — oy

Then pnorm(g, 1) < (1 + €)tnorm (g, ¢).

Proof Use Proposition 2.3 of [10]. In the notation of that proposition note that u <
D32 pinorm (g, 1) -d(n, £) < C. ro ~d(n, ¢), the n( f, x) in the definitions of K is < 1

and (%)D_l ~ (1 +d@ P <e.

Proposition 2 Given € > 0 there is a constant C > 0 such that if
f.g€P(Hw) and ¢ ePC')
and

C
d(f.8) < Dl/zﬂnorm(f’ ) '

then
Hnorm(g, ¢) < (1 4 €) hnorm (f, ).
Proof By Proposition 5(b) of [7, Sect. I-3].

et < Lnorm (f, O (L +d(f, g))
normasy > = _ Dl/zd(f, &) norm (f; €)

pnorm (s O (1 + 57—
- norm ( Dl/zﬂ-nnrm(fsg)) .

- 1-C

Recall that pnorm (f, ) > 1.

Theorem 1 Given € > 0 there is a constant C > 0 such that if

g €P(Hw) and ¢,nePC"

and
C
A8 < pim——
A& < pam—
then

1
—— tnorm (&, M) < Mnorm(f, &) < (1 + €)bnorm (g, 0)-

1+e€

O
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Proof Apply Propositions 1 and 2 to prove the left hand inequality. Then given the

left hand inequality apply Propositions 1 and 2 again to prove the right hand inequal-

ity applying the theorems with g, n in place of f, ¢. Adjust C and € as necessary. [
The next proposition is useful for our Main Theorem 3.

Proposition 3 Given € > 0 there is a C > 0 with the following property:

Let (f;, &) be a C! path in 'V for ty <t <t1. Define Sy = to and S; to be the first
value of t <t such that

SI . .
/S (Ll + Nl ds

Then Sy =t for

_ C
Dg/zﬂnorm(fs,-,l s gS,-,l)

or M.

1+ gl . .
k< max(l, %DW / pnorm (i 2 (L1l + ||c,||)dr)
fo

and Mnorm(ftls gtl) <1+ E)kﬂvnorm(ftoa gto)-

Proof

Si . . 1 Si . .
/Silﬂnorm(flv O (ILfell + 1) de = i e)fsilﬂnorm(fs,-w & D (ILfell +11g )t
1

= 1+4€
— D3/2

if S; <1.

Consequently

N o k - 1)C
/SO oo o &0 (L4 1l = s
and
4]

C . .
(k — I)W S[ Mnorm (fr, §t)(||ft|| + ||§t||)dt,
z

0
SO

3/2
1< (14+¢€)D
- C

15| . .
k / pnorm i e (1Ll + 1 1)t R
fo

Since we are working in the metric d we require an approximate zero theorem in
this metric. First we prove a lemma. Recall the following quadratic polynomial

V) =1—4u+2u?
and the definition of the projective Newton iteration

Ny(x)=x — (Df ()]0~ f(x).
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Here x* is the Hermitian complement to x. N [ : P(C') — P(C"*1) except

that it fails to be deﬁned where (Df(x)lxl) does not exist. If f(¢) =0
and d(Nji(x),;) < 2k -d(x,¢) for all positive integers k, then x is called an

approximate zero of f with associated zero ¢.

Lemma 1 Let u < M. Let feP(H)) and e P(CMYy with f(¢) = 0. If

d(x.8) = pap oy then

d(Ng(x),8) < md(x £).

Proof In the range of angles under consideration Tan d(x, {) < 2d(x, ¢). So apply
Lemma 1 of P263 of [5] to conclude that

2u
d(Ng(x),¢) <Tand(Ng(x),§) < Tand(x, ¢)
rx), ¢ ), ¢ ) ¢
du d(x,¢)
= yaw ' =
Now let ug solve the equation
4ug 1 16 — /224
=— = ——— ~0.06458.
I g 2 or uop T 0.06458

Theorem 2 (Approximate zero theorem) Let fe P(Hq)), (€P (C™ Y with f(¢) =

0.1fd(x.) < ey then d(N§(x), §) < = d(x. ).

Proof By induction.

Suppose
2k
d(Nk(x>,c>s< o ) d(x,¢)
/ ¥ (2up)
k_
(%)2 11/!0
- D3/2Mnorm(f,€).
Letu; = (%)2&1%. Note u1 < ug and so ¥ (2u1) > ¥ (2ug). By the lemma
AN (), ¢) < W )d<Nf<x) 9)
< W(z 0 d( f(x) $)

@ Springer



Found Comput Math

k_
i) 1”°-< o )Zk_ld(x o)
=Ty Y |

4u0 2/<+I_1
- (I/f(2u0)> 40 0. O

Let (f, &) be a (piecewise) C 1 path in V, j_z( ft, &) its tangent vector and
I4(fi. )| the length of its tangent vector.

Theorem 3 (Main theorem) There is a constant Cy > 0, such that: if (f;, ) to <t <
tisa c! pathin 'V, then

dt

1 d
Cy D3/2/ Mnorm (S5 &r) d_(fts &)
1 t

0

steps of projective Newton method are sufficient to continue an approximate zero X
of fr, with associated zero o to an approximate zero x1 of fy, with associated zero ¢;.

Proof Choose C < pg and € small enough such that Theorems 1 and 2 apply, u =

3-V7 4 1 : c
2C(1+¢€) < =5 and Wz"u) < 2719 Hence, if d(f, g) < D7D d,n) <

C _ _ C
D e (7.0 f()=0,g(n) =0and d(x,¢) < D mom (1.0)° then d(Ng(x),n) <
So Ng(x) is an approximate zero of g with associated zero 7.

D3/2ﬂnorm(g’77) ’ o
Now apply Proposition 1 to produce So, ..., Sk and x¢ such that

C

d(x0, &) < .
0» 1o D32 pnorm (frg» 1)

Then x; = N, (x; — 1) is an approximate zero of fs, with associated zero ¢s, and

(o
D3/2Mn0rm(fS;a gS,’)' O

d(Xi, é‘S,') <

Corollary 1 There is a constant C> > 0, such that: if (f;, &) to <t <ty isa C' path
inV, then

I3 .
D2 [ oo (fi €O filldt
1

0

steps of projective Newton method are sufficient to continue an approximate zero X
of fi, with associated zero {y to an approximate zero x1 of fi, with associated zero {1.

Proof (15l < ptnorm (fr> &)1 fi . U

By comparison the results of the papers [7] and [10] give for the Theorem 3

3/2 n d
3D sup(ttnom ( s+ £1)) / @ ar
t fo t
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steps of projective Newton’s method and for the corollary

n

C3D? sgp(uﬁormwct)) f [FALL

fo

steps of projective Newton’s method for some constant C3.

Theorem 3 suggests that if we wish to continue a solution ¢eP(C"t!) of
feP(Ha) to a solution ne P(C**') of ge P(H)) an efficient way might be to
follow a geodesic j ]01n1ng (f, g‘) to (g, ) in the metric glven by the locally Lipschitz-
Riemannian structure ||(f §)||k = Wnorm (f, &) (||f||2 + 12 |1%). We call this structure
the condition (number) Riemannian structure and the induced metric (see below) the
condition (number) metric and quickly drop the “number” from the names.

Let ) ¢V ={(f.0)€V | tnom(fo¢) =00} and W =V — 3.1 Note that
Wiorm (f> €) s not differentiable everywhere on W.2 In any case, || ||x defines a met-
ric di on W by di(x, y) = infLength(y) over piecewise differentiable paths y in W
joining x to y.

Theorem 4 W is a locally compact and complete in the metric dy.

Lemma 2 There is a constant C4 > 0 such that (f;, §;) ina c! pathin W, ) <t <t
. . 32
of length L in the || ||x metric, then /Lnorm(ftl , {t]) =< C4D L/Lnorm(ftoa §t0)~

Proof of Lemma 2 From Proposition 1 it follows that

D32 /3L

pnom (i &) < (L4 @) UEVDV VAL ).

For an appropriate €, C. Let C4 = (1 + e)f(%)

12 .
Proof of Theorem 2 Fix (fo, o) for example fo, = %X,-Xgl 1, i=1,...,n

and ¢ = (1,0,...,0). Then wnorm(fo,%0) = nl/2, Hence, pnorm(f,¢) =<
C4D3/2dk((f,§),(fo,lo))n1/2.

So any Cauchy sequence in W stays a bounded distance away from ', hence in
a compact region of W where it converges in the usual metric but also in the metric
induced by dj. Local compactness is obvious.

The condition metric dy makes W a path metric space in the sense of Gromov
[4]. Theorem then allows the application of the Hopf—Rinow theorem from [4] to
conclude that any two points of W may be joined by a minimizing geodesic. I thank
one of the referees for pointing this reference out to me.

11t follows from the condition number theorem see [5] and Theorem 1 that pnorm(f, ¢) is comparable
to the reciprocal of the distance of (f, ¢) to Z' in the metric d. In(unorm (f, ¢)) might be an interesting
function to study. It has the same asymptotics with respect to ) " as a Green’s function.

2Instead of jinorm one might consider a smooth approximation to make the Riemannian geometry easier.
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