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In [PS] it is conjectured that among the volume preserving C? diffeomorphisms
of a closed manifold M which have some hyperbolicity, the ergodic ones contain an
open and dense set. In this paper we prove an analogous statement for skew products
of Anosov diffeomorphisms of tori and circle rotations. Thus this paper may be seen
as an example of the phenomenon conjectured in [PS]. The corresponding theorem
for skew products of Anosov diffeomorphisms and translations of arbitrary compact
groups, is an interesting open problem.

Thanks to Mike Field for communications which led us to write this paper.

Let 8! denote the multiplicative group of complex numbers of modulus one. Let
T7 denote the n-dimensional torus, i.e. the product of S? with itself n times. The
group operation on T" is componentwise multiplication. The character group of
T" is isomorphic to Z®. For 7 = (r1,...,73) € Z" and z = (z1,..- ,2) € T,
7(z) = z'---z;». The only measure we consider is Haar measure on the torus.
Let L*(T",C) be the L? functions from T" to the Complex numbers. The group
characters of T" form a basis over C for L2(T", C). This means for h € L*(T",C),
h =3 a:7 with a, € C and the sum is over all 7 € Z".

Let f : T® = T" be a measure preserving, Anosov diffeomorphism of the n-
dimensional torus. Let H&l(T",S!) be the set of Halder continuous functions from
T" to 8!. For ¢ € H5l(T",S?) define the skew product f, : T" x 8! = T* x §! by
fe(z,y) = (f(z),y9(2)). The map fo preserves Haar measure on T" x §!.
Lemma. Let f be a measure preserving, Anosov diffeomorphism of T". Let w be
in Hol(T",8'). If f, is not ergodic then o is cohomologous to a constant function,
crp(2ﬁi§), for some k,r € Z.

Proof. If f; is not ergodic there is a nonconstant function A € L*(T"*,C) with
h = ho f,. Suppose there is such a function. We express h in terms of the
characters of §!,
h(z,y) = Y h.(z)7(y),
reZ
where each h, is in L?*(T®,C). Then

ho fo(z,y) = Y b (f(2))F(yp(z)).
reZ
If h = ho f, we have
h.(z) = h.(f(2))7(¢(z))
for each r € Z and (z,y) € T® x §'. The function ho is constant since hg(z) =
ho(f(z)) and f is ergodic. If h is a nonconstant function there is an r # 0 in Z with
h, # 0. For this r we have

(he(2)] = [Ar (f(2))]

349



350 ROY ADLER, BRUCE KITCHENS AND MICHAEL SHUB

for every z € T" since |7(¢(z))| = 1. The map f is ergodic so h, has a constant
nonzero modulus and we can assume it is one. We use this r to see that 7 o p is
cohomologous to the constant function 1 by

Fop(z) = (¢(z))" = he(z)(h, o f(z))™*

with h, € L*(T",S§"). Since f is Anosov we can apply a theorem of Livsic [L] and
assume h, is Holder.

We want to conclude that ¢ is cohomologous to ezp(2xi 5) for some k € Z. To do
this we produce a g in Hol(T",§') with (g)" = h,. Here, (g)" denotes the r** power
of g. The fundamental group of T" is isomorphic to Z" and the fundamental group
of 8! is isomorphic to Z. We take the maps ¢ and h, induce on the fundamental
groups and get the equation

oy = (he)s = (he)p fy = (he)s(I - fy).

Since f is Anosov (I — f;) is invertible and we can solve for a map g; on the
fundamental groups,

9= ,l_(hr)l =@yl - f)~'.

By standard covering space arguments we can conclude there is a ¢ in Hol(T", 81)
with ()" = h,. This allows us to take roots in the cocycle equation and conclude

#(2) = exp(2miS)o(@) o((z)) .

So y is cohomologous to a constant function ezp(2xit). O

Theorem. Let f be a measure preserving, Anosov diffeomorphism of T*. The set
of functions in Hol(T",8') for which the skew product, f, : T" x 8! = T" x §!, is
ergodic contains an open dense set (in the C° topology).

Proof. This is an immediate consequence of the previous Lemma. If a function 7
is cohomologous to a constant function, ezp(2xi%), and z € T is a point of period
p under f then

-1 ' pk
I1 (s (2)) = ezp(27i=).
i=0

Pick two points, z and y, in T", each of period p under f and lying in different
orbits. The set of functions ¢ in Hol(T",8') satisfying

p-1 p-1 .
[Te(r7 @) # I e )
j=0

j=0
contains an open dense set. 0O
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